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I Abstract. We prove that the sum of multiple zeta-star values over all indices inserted two 2's 

, into the string 3, 1, . . . , 3, 1 is evaluated to a rational multiple of powers of tt^. We also establish 

^ ■ certain conjectures on evaluations of multiple zeta-star values observed by numerical experiments. 

! 1. Introduction/Main theorem 



(N 



(N 
O 



We discuss some explicit evaluations of multiple zeta values (MZV's for short) and multiple zeta- 
star values (MZSV's for short), which are defined, for positive integers fci, fe, . . . , fc„ with ki > 2, 
by the convergent series 

1 



H, 

■ C(^l,/C2,...,fc„) = J2 ^k,k, _fc„ 



and 



C*(fci,fc2,...,fc„) = ^ 



mi>m2>--->m„>0 12 

1 



mi>m2>--->m„>l l Z 



I respectively. The number ki + k2 + ■ ■ ■ + k„ is called weight . When n = 1, MZV's and MZSV's 

^ ' coincide and are known as the special value of the Riemann zeta function at positive integers. 

Special values of the Riemann zeta function have been investigated since Euler. Several results 
' are found for example in [71 |3l [151 EO]. For MZV's, the following evaluation was proved by many 

^ ; authors [i [H [3 [13 . . .] : for m > 0, we have 



C(2,...,2) = 



(2TO-f- 1)! 

m 

Zagier conjectured the formula 

27r'*" 

C(3,l,...,3,l) = 



X]. (4n + 2)! 

. 5t 1 for n > in [18] , which was solved in [4] by using certain property of the iterated integral shuffle 

product rule. Kontsevich and Zagier gave another proof of the formula in connection with the 
Gauss hypergeomctric function ([llj. In [6l I13j. the following more general identity is proved: for 
any non-negative integers n and m with n -I- to > 0, we have 



^ C({2F«, 3, {2^, 1, . . . , 3, {2p"-S 1, {2p") 



io+jiH \-j2n=m 

j0:jl:---d2n>0 



m J {2n + l){2'm + An + 1)\ 



(1) 



where {2}^ stands for the j-tuple of 2. More precise conjecture is introduced in [H Conjecture 1]. 

While the special evaluations are well studied in the MZV's case, there are less observations on 
special evaluations of MZSV's. For m > 0, the property 

C*(2,...,2) e Q-TT^"* 

m 

is proved for example in [8l [191 HI HZ] ■ In [12] , formulas 



C(3,l,...,3,l)eQ-7r 



An 



2n 

1 



2 
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for n > and 



C({2r, 3, {2y\ 1, . . . , 3, {2p"-\ 1, {2}-'-) eQ-n 



An+2 



Jo+jlH hj2,i = l 

jo,ji,---,j2n>0 

for n > are proved. 

In the present paper, we prove the foUowing result. 

Theorem 1.1. For any non-negative integer n, we have 

C({2r , 3, {2}^^ , 1, . . . , 3, {2p'- , 1, {2p" ) e Q • 71^"+^ 

Jo+Ji + ---+i2„=2 

Jo J'l,---J2n>0 

In section [2l we state a bit more general formula, which yields Theorem ll.il In section [3l we prove 
our main theorem (Theorem II. ip . In section 3] we give more precise conjectures on some special 
evaluations of MZSV's, which are observed by numerical experiments. We give some remarks on 
our conjectures in section [5j 

2. Key identities 

To prove our main theorem, we describe some key identities here. It is suitable for stating our 
key identities to use the algebraic setup of MZV's and MZSV's introduced by Hoffman [3] as follows. 

Let the symbol Sj be the noncommutative polynomial algebra in two indeterminates x and y, 
and Sj^,^^ its subalgebras: 

^■■=Q{x,y) D^^ ■.= Q + fiyDio" ■.= Q + x^y. 

The degree of a word is called its weight. We put z; — x^^^y for I > 1. The algebra S)^ is the 
noncommutative polynomial algebra over Q freely generated by {zi, Z2, Z3, . . .}. We define two 
Q-linear maps Z, Z : — > R respectively by 

Z(zfeiZfc2 ■■■Zk„) =C(fcl,fc2,---,fcn), Z{1) = 1, 

and 

Z(zfeiZfe2 ■■■ZkJ = C^(fcl,fc2,...,fc„), Z{1) = 1, 

which are usually called the evaluation maps. The weight of a word is that of the corresponding 
MZV or MZSV. 

It is well known that any MZSV can be expressed as a Q-linear combination of MZV's and vice 
versa. For example, we have 

<^*(fci,fc2)= V -r^-^ 

> m > 1 

= E ^+ E ^_-c{k.M)^ak.^k.). (2) 

Ti>m>0 n— m>l 

Let 7 be the automorphism on S) characterized by 

7(2;) = X, 7(y) = X + y. 
We define the Q-linear map d : S)^ Sy^ by 

d{wy) = ^(w)y 

for any word w G i^. Then the linear transformation between MZV's and MZSV's is expressed as 

Z = Z o d. 

Let S)^ y. Sy^ ^ Sy^ he the Q-bilinear map defined, for any words w' G S)^ and any positive 
integers fci , fc2 , by 

l*w — w*l — w 

and the recursive rule 

Zk^W * Zk^w' = Zk^{w * Zk^w') + Zk^{zk^W * W') + Zk^+k^W * w'). (3) 

It is known that the product * is commutative and associative ([9]). The product * is called the 
harmonic product on S^^ . We find that 9)^ 9)^ C i^" and the map Z is a homomorphism with 
respect to the harmonic product. 
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As is defined in [13], we introduce another Q-bilinear map m : S)^ x ^ S)^ hy 

Imw — wml = w 

and 

Zk^w m Zk^w' = 2fci(w m Zk^w') + Zk^izkiW m w') (4) 

for any words w, w' G 9)^ and any positive integers fci , ^2. We see tliat tlie product in is commutative 
and associative. However, we notice tliat each, of the evaluation maps Z and Z can not be a 
homomorphism with respect to the product in. 

Under these notations, we have the fohowing formulas. 

Theorem 2.1. Let a,b,c be positive integers. For any integer n>0, we have 

(an) d{zl m (ZaZb)") 

= 2 ^ d{Zc m {ZaZhY) * Z(a+b)k+c + ^ {zl Si (ZaZbY) * 
j-\-k—n j--\-k—n 

^4 ^ d{{ZaZby) * Z(^a+b)j+cZ{a+b)k+c - ^ diiZaZbY) * Z(^a+b)k+2c, 
i-\-j-\-k— 71 j-\~k—n 

(^„) d{z^ m Zb{zaZbY) 

2 ^ d{ZcTll Zb{ZaZby )*Z(a+b)k+c+ ^ {z^ m ZbiZaZbY ) * d(z^^f,) 
j-^k—7i j-\-k— 71 

-4 ^ d{zb{ZaZbY) * Z(a+b)j+cZ(a+b)k+c - ^ d{zb{ZaZbY) * Zi^a+b)k+2c- 
i+j-\-k—n j+k—n 

Theorem [2TT] is the core property to prove our main theorem fTheorem ll.ip . The proofs of theorems 
are presented in the next section. 

3. Proofs 

First we prove Theorem 1 1.1 1 bv assuming Theorem l2.1l the proof of which is given next. 
Proof of Theorem ] 1. 11 By putting a = 3, 6 = 1 and c = 2 into {a„) of Theorem 12. 11 we have 
m (zszi)") = 2 ^ d{z2 m {Z3Z1Y) * ^4^+2 + ^ (zf m (23^1)^) * d{z'l) 

j+k=n j+k=n 

. ■ 
-4 2^ d{{z3ZiY) * Z4j+2Z4k+2 - 2^ d{{z3ZiY) * Z4k+2- 

i+j + fc— n 'j-\-k—n 

By the harmonic product rule (|3l), the third term of the right-hand side of ([5]) can be written as 

-2 ^ d{{zzZiY) * {z4j+2 * Z4k+2 - Z4j+4k+4) 
i-\-j-\-k— 71 

Evaluating fS]) via the map we obtain 

^ C({2r, 3, {2Y\Y • . • , 3, {2H— , 1, {2H-) 

jo+JlH |-j2n=2 

jo J'l,...j2n>0 

n 

= 2E E C({2r,3,{2}-'Sl,...,3,{2H--,l,{2}^-)C(4n-4z + 2) 

2 = Jo+jlH hj2t = l 

jo,jl,---:j2i>0 



^ ^ C({2r,3,{2r,l,...,3,{2p--,l,{2H-)C({4r-0 



(6) 



»=0 J0+Jl + ---+J2.=2 



2 ^ C({3,ir){C(4j + 2)C(4fc + 2)-C(4j+4fc + 4)} 

'i+j + fc— n 

5] C({3,lF)C(4fc + 2), 

j + fc— n 
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where {3, 1}' stands for the strmg 3, 1, . . . , 3, 1 and MZ(S)V of the empty mdex is regarded as 1. 

V ' 

21 

We know C,{2n) £ Q ■ tt^", C*({4}") e Q • tt"", the formula (P) for m = 2 and 



E 

io+ilH \-j2n=rn 

io,il,---j27i>0 



C({2}^°, 3, {2y\l, . . . , 3, 1, {2}-'-) eQ-TT 



4n+2m 



for TO = 0, 1 (see [51 [SJ [ini [3 [H] for example). Therefore the right-hand side of © is expressed as 
a rational multiple of 7r^"+^ and we conclude the theorem. □ 



Next we prove Theorem 12.11 For integers a, 6, c > and i, j, fc > 0, we put 



Bij = {zbZaY ZcizhZaY Zb, 
C'i.j,k — (ZaZbY ZciZaZ^y Zc{ZaZi))^ , 
Di^j,k = [ZaZbY ZciZaZbY ZaZcizbZa)'' Zb, 
EL],k = {zbZaf ZcizbZaY ZbZc{ZaZb)^ , 
Fi^j,k = (zbZaY ZcizbZaY ZcizbZa)'' Zb, 



where zi = x y (l > 0). By the definition of the product m, we obtain the following identities: 



i-^j—7i i-\-j—n— 1 

Zc in Zh(zaZb)" = ^ ZbAij + ^ Bij, 

i-\-j—7i i-\-j—n 
zl m (Za2b)" = ^ Cij^fc + ^ Aj.fc 

i-\-j-\-k— 71— 1 i+j + A:— n— 1 

III Zfc(Za26)" = ^ ZbCij^k + ^ ZbDij^k 
i~\-j-\"k—n i-^j-\-k—n — l 

i-\-j-\-k— 71 i-\-j-\-k— 71 



(7) 



for n > 0. 



Proof of Theorem \2.1\ The proof goes by induction on n such as (ao), (/3o) =^ (o^i) ^ {Pi) ^ 
(^2) =5* • • • • We find that the identities (ao) and (/3o) hold by simple calculation. Assuming that it 
has been proved up to (/3„_i), we prove (a„). The key identity is 



n 

d{zki ■ ■ ■ Zk„) = ^ Zki+...+k,d{zk^^-^ ■ ■ ■ Zk„), 
1=1 



(8) 
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where • • • Zk^ = 1 if i = n. Using this key identity, we obtain 

i+j+k—n 

i i — 1 

= X] X] ^{a+b)hd{Ci-h,j,k) + X] X] H<i+b)h+ad{ZbCi-h-l,j,k) 

i+j+k—n h—1 i+j+k—n h—0 

{a+b){h+i)+c Z{a+b){h+i)+c+ad'{ZbAj-h-l,k) 

i+j+k—n h—0 i+j+k—n h—0 

k k-1 

Z(a+b){h+i+j)+2c Z{a+b){h+i+j)+2c+a 

i-\-j-\-k—n h—0 i-\-j-\-k—n h—0 

~ X/ ^{a-^b){h-\-l)d{Cij^k) + ^ Z(a-\-b)h-i-ad{ZbCij^k) 

h-\-i-\-j-\-k=n—l h-\-i-\-j-\-k=n—l 

+ X] ^(a+6)(/i+i)+c^^(^j,fe) + X] H(^+b){h-\-i)-\-a+cd{ZbAj^k) 

h-\-i-\-j-\-k=n h-\-i-\-j-\-k—n — l 

+ E ^ia+b)(h+i+j)+2cd{{ZaZb)'') + ^ ^;(a+6)(,,+j+j)+a+2crf(2:6(^;a2:6)^) 

^+*+i+'f^='"' h-\-i-\-j-\-k=n—l 

~ X] ^(a+fc)(/i+l)C?(Q,i,fc) + X/ ^ia-\-b)h^ad{ZbCij^k) 

h-\-i-\-j-\-k=^n—l h-\-i-\-j-\-k=n—l 

+ E + l)^(a+i')i+c'^(^j,fe) + E (« + l)^(a+5)i+a+crf(^6^j,fe) 

i+j + fc— n i-\-j-\-k—n—l 



E ("^ 2 )^(«+*')j+2cC^((^a2:6)'') + ^ j Z{a+b)j+a+2cd{Zb{ZaZb)'' 

j+k=n ^ ^ j+fe=n-l ^ ' 



In the same way, we find 



E d{Dij^k) 

i+j+k=n—l 

~ E ^(a+5)(/t+l)'^(A,j,/s) + ^ Z(^a+b)h+ad{ZbDij^k) 

h+i+j+k=n-2 h+i+j+k=n-2 

+ E + l)^(a+b)i+cC^(2;a-Bj,fc) + ^ (« + l)2;(a+f,)i+a+cC^(Sj-,ft) 

+ E l' ^) Ha+b)j+2cd{{ZaZb)'') + r ^jZ(^a+b)j+a+2cd{Zb{ZaZb)''), 

j+k=n ^ ' j+fe=ra-l ^ ^ 



E d{ZaE,^j^k) 
i+j+k=n—\ 

~ E ^(a+6)(?t+l)(^(^a-E'i,j,fc) + E 2;(o+6)/i+od(i;ij,fe) 

h+i+j+k=n-2 h+i+j+k=n-l 

+ E *^(a+6)<+c<^(^j,fe) + E l)^(a+6)*+a+c'^(^6^j,fe) 
i+j+k=n i+j+k=n—l 

+ E r 2 E [ ^)Ha+b)j+a+2cd{zb{ZaZbf) 

j+k=n ^ ' j+fe=n-l ^ ' 
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and 

i-\-j-\-k—n — l 

h+i+j+k=n-2 h+i+j+k=n-l 

+ X! iZ(a+b)t+cd{ZaBj^k) + ^ {i + l)z(a+b)i+a+cd{B.j^k) 
■i+j+A;— n— 1 ■i-\'j~\-k—7i~ 1 

+ XI y2)Ha+b)]+2cd{{ZaZbf)+ ^ T ^ ^ U(a+&b+a+2crf(^6 (Za^b)'' ) ■ 
j+k=n ^ ^ j+fc=n-l ^ ^ 



These four identities add up to the left-hand side of because of ([7]). Therefore, again using 
([7|), we obtain 



(LHS of (a„)) = X Z(Q+b)(j+i)d(z^ in (za^b)'') (9) 

j-\-k—n— 1 

+ X Z(Q+,,)j+ad(z^ m ZbiZaZb)'') (10) 

+ X] (2-^' + l)2(a+6)j+cC^(^c £ (^^a^fc)'') (H) 
j-\-k—n 

+ X] + '^)^(a+b)j+a+cd{Zc m Zb{ZaZb)^) (12) 

j-\-k—n— 1 

+ 2" 
2 



XI ( 9 )^(a+bb+2crf((2a^&)'') (13) 

j-\-k—7i 

X (^■^2^^)2(a+&b+a+2crf(^&(2a2;&)''). (14) 



So, it is sufheient to show that the right-hand side of the above identity equals to the right-hand 
side of (a„). 
First we have 



j+k—n 

3 i-1 

= E ^ E ^(a+b)i+aC^(^b^3-t-l,fc) 

k k-1 
+ E ^^{a+b){i+j)+cd{{ZaZb)''^^) + E E 
j+fc— n i— j+k—n i— 

= E ^(a+6)(i+l)C^(^i,fe) + E 2(a+6)i+a'^(2:6^j,fc) 

+ E ^(a+b)(i+i)+crf((2^a2t,)'') + ^ Z(a+b)(i+j)+a+cd{Zb{ZaZb)^), 
i+j+k—n i+j+k—n — 1 

^ E Z(a+b)(i+l)d{Aj^k) + E 2(a+6)i+aC^(2:6^j,fc) 
«+j + /c— n— 1 i+j + k—n—1 

+ ^ {i + '^)z(a+b)i+cd{ {ZaZby) + ^ (« + l)^(Q+b)i+Q+c(^(^6 (^^a^b)^ ) ■ 
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In the same way, we have 

j+fc— n— 1 

= ^ Z{a^b){i+l)d{ZaBj^k) + ^ Z(^a+b)i+ad{Bj^k) 
i-\-j-\-k—n—2 i-\-j-\-k—n — l 

d{zb{ZaZby). 

i+j—n — 1 

Using the above two identities and ([71), we obtain 

d{Zc m {ZaZbT) 

= Y d{Aj,k)+ Y <^<^Bj^k) 

j-\-k=n j+/c— 71 — 1 

Zq in Zi,yZ(i 

i-\-j—n—l 'i+j— n — 1 

+ X! + + X! {'^i + '^)'^(a+b)i+a+cd{Zb{ZaZby) 

i+j—n i+j—n—l 

for n > 0. By this identity and the harmonic product rule ([3]), we write the first term of the 
right-hand side of (divided by the coefficient 2) as 

Y d{Zc m {ZaZbY) * 2:(a+t)fe+c 
j-\-k—n 

^ Y Zia+b)ii+l){d(ZcSl {ZaZby)* Z(^a+b)k+c} (15) 
i-\-j-'rk—n—l 

+ Y ^ ^)z{a+b)]+cd{Zc m {ZaZbY) (16) 

j-\-k—n 

+ Y ^{a+b)i+a {d{Zc m ZbiZaZbY) * 2(a+6)fc+c} (17) 
i-\-j-\-k—n— 1 

+ Y + ^)^ia+b)j+a+cd{Zc m Zb{ZaZbY) (18) 

j+A;— n — 1 

+ Y {'^^ + '^)^(a+b)i+c{d{{ZaZby)* Z(a+b)k+c] (19) 
i-\-j-\-k—n 

+ Y U + ^fHa+b)j+2cd{{ZaZbt) (20) 

j-\-k—rL 

+ Y i'^^ + '^)^(a+b)i+a+c{d{zb{ZaZby) * Z{a+b)k+c] (21) 

i-\-'j^k—n — l 

+ Y + +'^)Ha+b)]+a+2cd{zb{ZaZbf). (22) 

j + Ze— n — 1 

Note that the key identity ([8]) shows 

d{zi+b) = XI ^(a+b)(»+i)C^(^a+b) (23) 
i+k=i-i 

and 

^((ZaZfc)') = X Z(^a+b)i+ad{Zb{ZaZby)+ Y (i+l) C?((Za ^b)'' ) (24) 

i+j=l-l 
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for Z > 1. By using the in- product rule ^ and the identity ((23|) . the second term of the right-hand 
side of {an) is calculated as 



J2 {-4 S {zaZbY) * d{zt^,) (25) 



Zh) 



j+k—n 
j,k>l 



= X! * Z(a+b)U+l)d{zlj^^) 

+ X! {zc{Zc m {ZaZb)'') + Za{zl m Zb{ZaZb)''~'^)] * ^^(a+f,) (i+l) ^(z^+b) 



i+j+k—n— 1 
k>l 



+ Zc{Zc UI {ZaZbY) (26) 
+ Za{zlmZb{ZaZbT-^). (27) 



Expanding the first and the second terms of the right-hand side by the harmonic product rule ([3]) , 
we have 



X! ^c* Z(a+b)(j+l)d{zl+b) 
j^k—n—1 

= (Ze * (28) 

+ H ^(a+6)0 + l) {Zc *<^a+b)} (29) 
j + fe=ri-l 

+ XI ^(a+6)(j+i)+c{^c*d(z^+b)} (30) 

n — 1 



and 



i+j+k—n— 1 
fc>l 



X {2;c(2:c in {ZaZbf) + Za{zl m ^^(ZaZfc)'' ^)} * Z(a+b){i+l)d{zl^^) 

=n-l 
1 

XI 2(a+6)(»+l) {(^c m (ZaZfc)'') * d(Za+6)} (31) 

/e>l 

X Zc{(^c2i(W)*d(z„\j} (32) 

— n 
>1 

X ^(a+6)(^+l)+c {(Zc S (z^Zfe)'') * ^(z^+b)} (33) 
fe>l 

X {(^2 21 Zb(Za^6)^"') * d{z^+b)} (34) 

— n 
>1 

X ^(a+6)(^+l)+a { (^^ S Zfc (Za^b) ^ ) * rf(2^+b)} • (35) 



j+A;— n 

j,fc>i 



n— 1 

/c>l 



_7+A;— n 

j,fc>i 



«4-i+A;— n— 1 
A:>1 
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We see that identities 

(gnu + (ED = J2 Ha+b){^+l) {i^c £ i^aZbY) * d(^a+b)} : 

i-\-j-{-k—n—l 

j + k=n 

m + m= E ^a{{z'c^Zb{ZaZby)*d{z',+,)}, 

dSni) + ([331) = ^(q+6)(j+i)+c {{zc S {zaZhY) * d{z^^^)} , 

i-\-j-\-k—n—l 

(EH = Y Z^a+b)i+a{{Zc ^ Zb{ZaZby)*d{z'^_^_l,)} 

i-\-j-\-k—n—l 
i>l 

hold. Therefore we have 

m= E 2(a+6)(.+ l){(^c £(Za2bP>d(z^+J} (36) 

i-\-j-\-k—n—l 

+ E ^ia+b)t+c{iZc^ iZaZby)*d{z^^f,)} (37) 
i+j+A;— n 

+ E ^(a+fc)*+a {(^c m ^fe(2a2;b)^) * d{z^^f,)} . (38) 
z+^'+Zi:— n — 1 

By ([24]) and the harmonic product rule ([3]), the third term of the right-hand side of (q;„) (divided 
by the coefficient —4) is calculated as 

* Z{a+b)j+cZ(a+b)k+c 

(39) 

i-\-j-\-k—n 

= E ^(a+b)j+c^(a+!,)fc+c + E dHZaZbY) * Z 

{a+b)j+cZ{a+b)k+c 

j+k—n i+j+k—n 

i>l 

— ^(a+b)j+c2:(o+f))fc+c 

+ E Z{a+b)h+ad{zb{ZaZbY) * Z(a+b)j+cZ(a+b)k+c 

h+i+ j + k—n— 1 

+ E Z(a+b){h+l)d{{ZaZby) * ^(a+())i+c^(a+6)fc+c 

h+i+ j + k—n— 1 

= E ^(a+())i+c2:(a+f,)fe+c (40) 
i+k=n 

+ E |^(a+6)h+a (rf(^^b(^a^6)*) * Z(^a+b)]+cZ{a+b)k+c) 

h+i+ j +k—n— 1 

+ Z(^a+b)]+c {z(a+b)h+cd{zb{ZaZby) * Z(^a+b)k+c) (41) 
+ Z{a+b){h+])+a+c {d{zb{ZaZby) * 2(a+6)fe+c) (42) 

* Z(a+b)j+cZ(a+b)k+c) 
+ 2(a+6)j+c (2:(a+b)(h+l)'^((^a^6)*) * ^(a+b)fe+c) (43) 

+ 2(a+6)(/i+j + l)+c (d((2;a^6)*) * 2(a+6)fc+c) |- (44) 

(SH) + dH) = E Z(a+b)t+c{d{{ZaZby)* Zf^^+^k+c) ■ 
i+j+k—n 

62) = E 'i'^ia+b)i+c {d{{ZaZby) * Z(a+b)k+c) ■ 
i-\-j-\-k—n 



By m 



Also we have 



Since 



we have 
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Hence we find 

iDl) + (|3I]) + (I131) + (|lll)= ^)Ha+by^+c {diiZaZbV) * Z^a+b)k+c} ■ 

dm) = X! i'^ + ^)^ia+byi.+a+c{d{zb{ZaZby)* Z(^a+b)k+c} , 
i-i-j-i-k—n — l 

^= ^ Z(^a+f,j(^h+l) {diiZaZbT) * Z^a+b)j+cZ{a+b)k+c} (45) 

h-\-i-\-j-\-k—n — l 

Z{a+b)h+a { ^^(^6 (^^a^b)* ) * 2(a+6) j+c2(a+b)/c+c } (46) 

h-\-i-\-j-\-k— 71— 1 

+ X! i'^ + '^)^{a+b)i+c{d{{ZaZby)*Z(^a+b)k+c} (47) 

i-\-j-\-k—7i 

+ X! i'i + ^)z{a+b)i+a+c{d{zb{ZaZby)*Z(^a+b)k+c} ■ (48) 
n— 1 

By ((24| and the harmonic product rule (|3]), the fourth term of the right-hand side of (a„) (divided 
by the coefhcient —1) is calculated as 

^ diiZaZbY) * Z^a+b)k+2c (49) 
j'{-k—n 

= Z(a-\-b)n^2c + ^ diiZaZbY) * Z(a+6)fc+2c 
j+A;— n 

= Z(^a+b)n+2c + ^ ^(a+6)i+a'^(^b (^^a^^b)"' ) * 2(a+;,)fe+2c 
i+j+fc— n — 1 

+ ^ 2:(„_|_b)(i+i)d((ZaZb)-') * 2(a+&)fe+2c 
i+j+fc— n— 1 

= 2^(a+b)n+2c (50) 

+ X! {^(a+b)j+a (c?(^6(^a2b)-') * ^(Q+b)fc+2c) 
n— 1 

+ Z(^a+b)k+2cZ(a+b)i+ad{zb{ZaZby) (51) 
+ 2(Q+6)(j+fc)+a+2crf(26(2:a26)^) (52) 
+ Z{a+b){t+l) {d{{ZaZby) *Z(a+b)k+2c) 

+ Z(a+b)k+2cZ(a+b)(i+l)d{{ZaZby) (53) 
+ Z(Q+6)(,+fc+i)+2cd((^;a2b)-')|- (54) 



By m 



Also we have 



Hence we find 



Since 



(EID + dMl)^ ^ Zia+b)k+2cd{{ZaZby). 



j-\-k—n 



(EH) = X! ^'^{a+b)k+2cd{{ZaZby). 



j+k=n 



cd{{ZaZb) ) 



j'\-k—n 



(1521)= Y {j + '^)^(a+b)j+a+2cd{zb{ZaZb)''), 
j-\-k—n — l 
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we have 

(SSI) = ^ Z(a+b)ii+l) {diiZaZbY) * Z(a+b)k+2c} (55) 
i-\-j-\-k—n—l 

+ X! Z(^a+b)i+a {d{zb{ZaZby) * Z(^a+b)k+2c} (56) 

i-\-j^k—n—l 

(a+f))i+2c diiZaZb)") (57) 

j-\-k—n 

+ E (i + l)^(a+6)j+a+2crf(zfc(2QZt)''). (58) 
j+k—n—1 

Following identity is shown by [TH Theorem 7 (5)] (where the map d is denoted by 5") and ([7]): 

d{Zc m (Za^fc)") = 2 E diiZaZbY) * Z(a+b)k+c - ^ i^" ^ (ZaZbY) * d{z^^f,) (59) 
j+k—n j-^k—n 

for n > 0. By induction hypothesis and (j59p . we have 

® = 2x(IISl) + (IMl)-4x(|l5l)-(l55l) (by (ao), . . . , (a„_i)), 

([ini) = 2x([ni) + (IMl)-4x(|lSl)-(ISSl) (by (/3o), ■ • ■ , (/3„-i)), 

(III]) = 2x([IlD + 2x([IlD + (I27D-4x(|171) (by (IMl)). 
Also we immediately find that 

(HH) = 2 X (HID, 

(113 = 2 X 1201) - dSZl), 
(Ull) = 2 X (1221) - dsgi, 

= 2x(l2l])-4x (1481). 



We have already observed that the left(resp. right)-hand sides of these seven equations add up to 
the left(resp. right)-hand side of the identity (a„). Therefore we prove (a„). In the same way, 
iPn) can be proved by using the induction hypothesis and (an) for n. This completes the proof of 
Theorem O □ 

4. Conjectures 

We discover more general formulas when we search relations among MZV's and MZSV's based 
on numerical experiments. For non- negative integers jo, ■ ■ ■ ,j2n, put 

3(jo, J'l, . . ■,j2n) C({2r, 3, {2y\ 1, {2}^^ . . . , 3, {2}^--, 1, {2}^-). 

We write two operators as 

(io, jl, • ■ • , jn)+ = (jo,Jl,---,Jn-l,i«,0), 
(io,il,...,in)+ = {ja,jl,...,jn-l,jn + l)- 

Let us denote by 6„ the symmetric group of degree n. For a vector S — {jo, ■ ■ ■ , jn) and o" G ©n+i, 
we define 

= (jcr(O)i ■ • ■ : J(T(n))- 

Conjecture 4.1. Lei n be a positive integer, jo, ■ ■ ■ , J2n-i non-negative integers. Put m = jo + 
l-i2n-i- For a vector S = {jo,- - ■ , J2n-i), we have 

E 3((a5)+) e Q • 71^"+'". 



Example 4.2. For the vector S — (0,0), Conjecture 14.11 reads 

c(3,i) GQ•^^ 

which is shown in many ways. For the vector 5* = (1,0), Conjecture 14.11 reads 

C(2,3,l) + C(3,2,l)eQ•7^^ 
which is verified in section[SJ For the vector S — (1,0,0,0), Conjecture 14.11 reads 

C(2, 3, 1, 3, 1) + C(3, 2, 1, 3, 1) + C(3, 1, 2, 3, 1) + C(3, 1, 3, 2, 1) e Q • 7r'°. 
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Conjecture 4.3. Let n,j^, . . . , j2n be non-negative integers. Put m = Jq + ■ ■ ■ + j2n- For a vector 
S = (jo, ■ ■ • ,i2n), we have 



1+2 

Example 4.4. For the vector 5 — (0), Conjecture 14.31 reads 

which is weU known. For the vector S = (0, 0, 0), Conjecture 14.31 reads 

C(3,l,2)lQ.7r6, 

which is verified in section[SJ For the vector S — (1,0,0), Conjecture 14.31 reads 

C(2, 3, 1, 2) + C(3, 2, 1, 2) + C(3, 1, 2, 2) e Q • 

We expect that these conjectures are primitive, i.e., partial sums of the left-hand side of our conjec- 
tures cannot be rational multiples of powers of tt^. Conjecture 14. II reduces to C*({3, 1}") G Q ■ t^^^ 
if TO = 0, and Conjecture 14.31 to C*({2}'") G Q • tt^™ if rt = 0. Both have been already proved (for 
example, see [inilll]). 

Moreover, we experimentally verify the following formulas. The formulas can be proved alge- 
braically for lower weights by using known relations such as extended double shuffle relation f[10j). 
Some are discussed in the next section. But in general, we have not proved them yet. 

Conjecture 4.5. A) For any integers n,m>0, we have 

C({2}", 3, {2}™, 1) + ^({2}™, 3, {2}", 1) = C({2}"+i)C({2}™+i). 

B) For any integer n > 0, we have 

(2n + l)C({3,ir,2)= C({3,lF)C({2r+i). 

j-\-k—n 

C) For any integer n>l, we have 



C({2r,3,{2r,l,...,3,{2p"-,1) 



io+JlH |-J2re-I=l 

i0,il,... J2n-1>0 

= C({3,lF,2)C({2}2'=+2). 

j -\-k—7i~l 

5. Remarks 

Instead of the assertion A) of Conjecture 14.51 we prove the following weaker identity: 
Proposition 5.1. For any non-negative integer n, we have 

2 Y c({2r,3,{2}M)= Y c({2r+^)C({2F+^). 

i+j—n i-\-j—n 

Proof. Using the cyclic sum formula ( 14J) for the index (3, 2, ... , 2), we have 

n-2 

Y C{{2}\ 3, {2y, 1) + C({2}") = {2n - l)C(2n) 

i+j'— n — 2 

for n > 1. We also find 

C({2}") = 2(1 -2i-2«)^(2ri) 

(see [2 [19]). Because of the Euler's formula C(2n) = (-1)"+^ ^"^"^^^^J^f " (where Bj denotes the j-th 
Bernoulli number), it is enough to show 
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This equality holds since the generating function of the left-hand side coincides with that of the 
right-hand side, that is, 



^ ' n\ e* - 1 d< V e* - 1 

f t t/2 



□ 



Lastly, we give a verification of A) and B) of Conjecture 14.51 in the first non-trivial case (in the 
case of m = n = 1) by using the extended double shuffle relation proved in |10| . 

The extended double shuffle relation states as follows (see PO for details). Let m : x ^ 
be the Q-bilinear map defined, for any words w^w' £ S) and u,v G {x, y}, by 

lniu' = uiml = 'u; 

and 

uw ni vw' = u(w m vw') + v(uw ni w'). 

The product m is commutative and associative on ij, which is called the shuffle product. We 
immediately find that i^^ ni io^ C f)^ and io" ni io" C io" hold. We denote by (resp. the 
commutative algebra S)^ (resp. equipped with the shuffle product. It is known that 

holds (see |16[ Theorem 6.1]), which means that any w G iojj can be expressed as 

w = Wq + wi m y + W2 m H h w„ m y™" (wq, ■ ■ ■ ,Wn € io°), 

where y™* = y m • ■ • m J/- We denote its constant term wq by regm(w). Then the extended double 

i 

shuffle relation states as follows. 

Theorem 5.2 (Ihara-Kaneko-Zagier). For any Wi G and any wq G S)'~' , we have 

Z{reg^{wi mwn-wi* Wq)) = 0. 

By using Risa/asir, an open source general computer algebra system, we found the following two 
identities (of weight 6): 

d{z2Z3Zi) + d{z3Z2Zi) - d{z2Z2) * d{z2) 

= -i"egm(xy * yx'^y - xy m yx^y) - ieg^{x'^y * x^y - x^y m x^y) 
- regn,(x^y * a;y2 - x'^y in xy"^) + 'h:eg^{x^ y * y"^ - x^y m y^) 
+ 2reg„,(x''y * y - x'^y m y) - 5regjj,(x^y^ * y - x^y^ in y) 
+ 2reg^j (x^yxy * y - x^yxy m y) Sreg^ (xyx^y *y- xyx^y in y) 

and 

3d(z3ZiZ2) - d{z3Zi) * d{z2) - d{z2Z2Z2) 

= -regm(x^y * xy^ - x^y m xy^) regni(x^y^ * xy - x^y^ m xy) 
+ 2regm(x^y * y^ - x^y in y^) -I- regm(x^y * y - x^y m y) 
+ 2regm(x^y^ *y~ x^y^ m y) -I- 2regm (x^yxy * y - x^yxy m y) 
+ 2regm (xyx^y * y - xyx^y m y). 

Since the weight is relatively small, these formulas are verified by calculating perseveringly. Ap- 
plying the evaluation map Z to these identities, we conclude A) and B) of Conjecture 14.51 when 
m = n = 1 , which also give a verification of the second formulas stated in Example 14.21 and 14.41 
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